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Abstract. We prove a variety of results on the existence of automorphic Ga- 
lois representations lifting a residual automorphic Galois representation. We 
prove a result on the structure of deformation rings of local Galois represen- 
tations, and deduce from this and the method of Khare and Wintenberger a 
result on the existence of modular lifts of specified type for Galois representa- 
tions corresponding to Hilbert modular forms of parallel weight 2. We discuss 
some conjectures on the weights of n-dimensional mod p Galois representa- 
tions. Finally, we use recent work of Taylor to prove level raising and lowering 
results for n-dimensional automorphic Galois representations. 
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1. Introduction 
1.1. If / is a cuspidal eigenform, there is a residual representation 

p f : Gq -> GL 2 (F P ) 

attached to /, and one can ask which other cuspidal eigenforms g give rise to the 
same representation; if one believes the Fontaine-Mazur conjecture, this is equiv- 
alent to asking which geometric representations lift ~pj (here "geometric" means 
unramified outside of finitely many primes and potentially semi-stable at p) . These 
questions amount to issues of level- lowering and level-raising (at places other than 
p), and to determining the possible Serre weights of p~f (at p). 

In recent years there has been a new approach to these questions, via the use 
of lifting theorems due to Ramakrishna and Khare- Wintenberger, together with 
modularity lifting theorems. In this paper, we present several new applications of 
this method. 

In section [21 we prove a result about the structure of the local deformation rings 
corresponding to a mod p representation of the absolute Galois group of a finite 
extension of Qj , where I ^ p. The method of proof is very close to that of |Kis08j , 
where the corresponding (harder) results are proved for the case I = p. This result 
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is precisely the input needed to allow one to prove the existence of modular lifts 
of specified Galois type at places other than p, and we apply it repeatedly in the 
following sections. 

In section [3] we consider the case of Hilbert modular forms. We are able to prove 
a strong result on the possible lifts of parallel weight 2, under the usual hypotheses 
for the application of the Taylor- Wiles method, and a hypothesis on the existence of 
ordinary lifts; in particular, one can deduce level- lowering results in full generality 
at places not dividing p (assumed odd). We then apply this result in section Q] to 
improve on some of our results from [Gee06bJ (where we use results from this paper 
to prove many cases of a conjecture of Buzzard, Diamond and Jarvis on the possible 
Serre weights of mod p Hilbert modular forms). While we are not able to prove the 
conjectures of Buzzard, Diamond and Jarvis in full generality, we are able to in the 
case where p splits completely, and the usual Taylor- Wiles hypothesis holds; this 
is needed in [Kis06J. We also take the opportunity to discuss some generalisations 
of existing conjectures on Serre weights, which are suggested to us by our work 
on Hilbert modular forms. For example, we state a general conjecture about the 
possible weights of an n-dimensional representation of Gq. We hope to discuss 
these conjectures more fully in future work. 

Finally, in section [5] we apply these methods to n-dimensional Galois represen- 
tations. Here we make use of the recent work of Taylor (see |Tay0 6a|). We are 
able to prove level-raising and level-lowering results at places away from p. Note 
that such results were originally thought to be needed to prove R = T theorems 
in this context, but were circumvented in |Tay06a| . Our proof relies crucially on 
this work, so does not give a new proof of these R = T theorems. Our results in 
this final section are more limited than in the 2-dimensional case, because we do 
not know any R = T theorems over number fields ramified at p. In particular, we 
cannot at present generalise our approach from |Gee06b] to this setting. However, 
the framework established here would suffice to prove such results if such R = T 
theorems were proved. 

We would like to thank Florian Herzig and Mark Kisin for helpful conversations, 
and the mathematics department of Harvard University for its hospitality while 
much of this paper was written. We would also like to thank the anonymous referee 
for a close reading, and many helpful comments and corrections. 



2. Local structure of deformation rings 

In this section we prove some results on the local structure of deformation rings 
corresponding to a mod p representation of the absolute Galois group of a finite 
extension of Qi, where / ^ p. These results are the analogue of those proved in 
section 3 of [Kis08 in the case I = p, and the proofs are almost identical (but simpler 
in our case). In |Kis08j one considers deformations of weakly admissible modules, 
whereas in our case we consider deformations of Weil-Deligne representations; the 
main difference is that in our case one has a linear (rather than a semi-linear) 
Frobenius, and we have no analogue of the Hodge filtration. The absence of such 
a filtration simplifies the computation of the dimensions of our deformation rings. 
We follow section 3 of |Kis08j extremely closely, only noting the changes to the 
arguments of loc. cit. that are necessary in our setting. 
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Let K/Qi (I / p) be a finite extension. Suppose that the residue field of K 
has cardinality 1? . Fix d a positive integer. As in |Kis08j . we use the language of 
groupoids, which is explained in the appendix to |Kis07c] . 

We firstly recall some results from |Fon94] . By a theorem of Grothendieck, 
a continuous representation p : Gk Ghd(E), E a finite extension of Q p , is 
automatically potentially semi-stable, in the sense that there is a finite extension 
L/K such that p\j L is unipotent. Let Wk denote the Weil group of K, and WDk 
the Weil-Deligne group. Denote by Rep {WDk) the category of finite dimensional 
_E-linear representations of WDk ® E. One can view an object of this category 
as a triple (A, po,N), where A is a finite dimensional E- vector space, po : Wk — > 
Aute(A) is a homomorphism whose kernel contains an open subgroup of Ik, and 
TV : A — > A is an i5-linear map satisfying 



p (w)N = l a ^ w) Np Q (w) for all w £ W K - 



Here a : Wk — * Z is the map sending w £ Wk to a(w) such that u> acts on the 
residue field k of K as er^ 1 "), where a is the absolute Frobenius. 

Now, fix $ G Wk with a($) = — /. Fix a finite extension L/K. Then it is 
easy to see that the full subcategory of Rcp e (WDk) whose objects are triples 
(A, po, N) as above with po\i L trivial is equivalent to the category Rep E L (WD) of 
triples (A, </>, N), where A is a finite dimensional E- vector space with an action of 
Il/Ki </> € Aut .e(A), and N £ End^(A), such that N commutes with the action of 
Il/Ki Ncj) = l*(j>N, and for all 7 £ Il/k we have $7<I> _1 = </>7^> _1 (this equivalence 
follows from the fact that if ip £ W K then ^$«W0// £ I K )- 

After making a choice of a compatible system of p-power roots of unity in K, 
we see from Propositions 2.3.4 and 1.3.3 of |Fon94j that there is an equivalence of 
categories between the category of i?-linear representations of Gk which become 
semi-stable over L, and the full subcategory of Rep EL (WD) whose objects are 

the triples (A, cf>, N) such that the roots of the characteristic polynomial of <fi are 
p-adic units (such an equivalence is given by the functor WD_ pst of section 2.3.7 
of [Fon94J). We will refer to such a triple as an admissible triple. This is not 
standard terminology. Note for future reference that an extension of admissible 
objects is again admissible. For the rest of this section we will freely identify Galois 
representations with their corresponding Weil-Deligne representations. 

Firstly we define two groupoids on the category of Q p -algebras A. Let MoOat be 
the groupoid whose fibre over a Q p -algebra A consists of finite free ^-modules Da 
of rank d, a linear action of Il/k on Da, and a nilpotent linear operator N on Da- 
We require that the actions of Il/k and N commute. 

Let OJtoO^.jv be the groupoid whose fibre over a Q p -algcbra A consists of a module 
Da in 93ToDat equipped with a linear automorphism cf> such that I* <j>N = N<j> and 
07</> -1 = <i>7<i> _1 for all 7 £ Il/k- There is a natural morphism SJtoO^jv — ► TIoDn 
given by forgetting <f). 

Given Da in UJtoD^jv, let ad£>A = HomA(DA, Da)- Give &<1Da an operator 
4> by 4>(f) := <fi o / o and an operator N given by N(f) := N o f — f o N. 
These satisfy l*(j>N = N(f). Give ad Da an action of Il/k with 7 £ Il/k taking / 



4 



TOBY GEE 



to 7 o / o 7 1 . We have an anti-commutative diagram 



JV 



(adD A ) J v* (ad£> A ) J v* 

Let C'(Da) denote the total complex of this double complex, and H'(Da) denote 
the cohomology of C'(Da)- 

Lemma 2.0.1. Let A be a local Q p -algebra with maximal ideal vcia, and I C A an 
ideal with Ivn-A = 0. Let Da/i be in ^StoD^ t N{A/ 1) and set DA/m A = ^A/I ®A/I 
A/m A . 

(1) If H 2 (DA/m A ) = then there exists a module Da in 97100^,^(^4) whose 
reduction modulo I is isomorphic to Da/i- 

(2) The set of isomorphism classes of liftings of Da/i to Da in WtoD^ t N(A) is 
either empty or a torsor under H 1 (DA/ mA ) ®A/m A I- Here two liftings Da, 
D' a are isomorphic if there exists a map Da — > D' A which is compatible 
with the <f>, N-actions and which reduces to the identity modulo I . 

Proof. This is very similar to the proof of Proposition 3.1.2. of Kis08]. Let Da be 
a free A-module equipped with an isomorphism Da ®a A/ 1 — — ► Da/i- We wish to 
lift the action of II /k to Da and the operator ip to an operator <fi on Da satisfying 
the same relations; equivalently, we wish to lift the corresponding representation of 
Wk- The obstruction to doing this is in H 2 (Wk, A/m A ) ® I, which vanishes 
(this follows from the Hochschild-Serre spectral sequence and the fact that the 
action of Ik factors through the finite group Il/k)- Similarly, I L / ^--invariant maps 
in Wou\a/i{Da/i^ Da/i) lift to I L /^-invariant maps in Wotha{D a, D a) , so we can 
lift N to an endomorphism N which commutes with the I f i ^-action. 

Then Da/i lifts to an object of OTtoD^A/-^) if and only if we can choose N, <f> 
so that h := N — P ipNcj)^ 1 = 0. We see that h induces an /^-invariant map h : 
D A/m A -* D A/ mA ®aI, so if H 2 (D A / mA ) = we can write h = N(f) + (l f (/>-l)(g), 
with /, g € (adI} A/mA )^/* ® A/mA I. If we then set N 1 = N + g, cj>' = (j> - / o 0, 

we see that N'<f>' = l'(f>'N', which proves (1). The proof of (2) is then formally 
identical to the proof of part (2) of Proposition 3.1.2. of Kis08i (after replacing 
every occurence of p with P, and Gl/k with Il/k)- D 

Corollary 2.0.2. Let A be a Q p -algebra and Da an object of TloDtp^iA). Sup- 
pose that the morphism A — > OJloO^^ given by Da is formally smooth and that 
H 2 (Da) — 0. Then A is formally smooth over Q p . 

Proof. Identical to that of Corollary 3.1.3. of |Kis08j . □ 



Let E/Qp be a finite extension, and let De be a finite free E- module of rank d 
with an action of II /k ■ Consider the functor which to an i?-algebra A assigns the 
set of pairs (</>, N) where 4>, N are endomorphisms of Da ■— De ®e A making Da 
into an object of TtoQ$ t N(A). This functor is represented by an i?-algebra B^,jv, 
with XfcN = Spec B,/,^ a locally closed subscheme of Hom£(Z?£:, De) 2 - Similarly, 
let Bn represent the analogous functor considering only objects of OJloD n(A), and 
let Xn — SpecBjv- There is a natural map X^^ — > Xn. 
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Lemma 2.0.3. Let Db^ n = -De <8>q p B^n , a vector bundle on X^jy. 

(1) The morphism of groupoids on E-algebras -B^jv - * SWof^.Ar is formally 
smooth. 

(2) There is a dense open subset U C X^^ such that H {Db^ n )\u = 0. 

Proof. This is very similar to the proof of Lemma 3.1.5. of [Kis08 . (1) is immediate 
by definition. Let U C X^.n be the complement of the support of ^(Db^ „)• We 
must show that U is dense. It suffices to show that U is dense in every fibre of 
X^.n — > Xn. Let y 6 Xn, and let D y be the pullback to y of the tautological 
vector bundle on Xjy. Then (X^jv)^ can be identified with an open subset (given 
by the non-vanishing of the determinant) of the K(y)-vector space of linear maps 
4> : D y — > D y which satisfy the required commutation relations with N and Il/k- 
Then (X^^)y is smooth and connected, so irreducible, so we need only check that 
if (X ( p j ]y)y is non-empty, then there is a point of (X^ ^y at which H 2 {Db^, n ) = 0. 
We have a decomposition 

D y T Hom; t/K (t, £)„) Qp r 

with t running over the irreducible representations of Il/k on Q P -vector spaces. 
The iV-action on D y induces an action on D y T := Hom; L/K (t, D y ), and the above 
decomposition is then compatible with iV-actions. 

For any such r and i an integer we define , with the same underlying Q p - 
vector space as r, by letting 7 £ Il/k ac t on as $ l 7$ _l acts on r. Since 
(X0 > jv) y is nonempty, there exists a map (j>:D y ^ D y such that ^ ^iV = n0. Then 
induces an isomorphism D y/T — > D y T <t,. Let n T be the least positive integer such 
that t^" t = r. Then since U ' <pN = 7V</>, we see that it is possible to write D y r4> i = 
®jDi t j where Djj is K,{y) si for some Sj with canonical basis {e\ 1; . . . , e\ s . ), and 
N( e ik) ~ e l fe+i (1 — ^ — s j~l)' ^(4 S) ) = 0. We then consider the endomorphism 
of TlA 4 given by <f>{e\ fe ) = l^ s ^ k 'eP i+l k , where we consider the i-index to 

be cyclic. This satisfies V '4>N = N<j>. Equipping D y with the resulting choice of 0, 
we find that H 2 (D y ) = 0, as required. □ 

Proposition 2.0.4. Let A be a Noetherian Q p -algebra and Da an object ofTloD^.N ■ 
If A — > dJlod^^N is formally smooth, then there is a dense open subset U C Spec A 
such that U is formally smooth over Q p , and the support of H 2 {Da) does not meet 
U. 

Proof. This is formally identical to the proof of Proposition 3.1.6. of Ki s08j , using 
Corollary H^Uand Lemma [Ml □ 

Now let A be a complete Noetherian local O^-algebra, and Va° be a finite free 
A°-modulc of rank d equipped with a continuous action of Gk- Write A — A°[l/p\. 
Define a Galois type r to be the restriction to Ik of a e?-dimensional p-adic Weil- 
Deligne representation with open kernel, assumed from now on to contain II ■ We 
say that a p-adic Galois representation is of type r if the restriction to Ik of the 
corresponding Weil-Deligne representation is isomorphic to r. 

There is a quotient A T of A such that for any finite _B-algebra B, a map of 
i?-algebras x : A — > B factors through A T if and only if Vb = Va ®a B has type r. 
This follows easily from the fact that the cohomology of the finite group ij, /k with 
coefficients in characteristic vanishes in positive degree. 
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Now let Vf = Va° ®a° F. Let Dy T be the groupoid on the category of complete 
local Oe-algebras with residue field F, whose fibre over such an algebra B consists 
of the deformations of Vf to a Gk -representation on a finite free B-module Vb ■ 

Let m be a maximal ideal of A T , and E' its residue field. For each i > 1 the 
G/f-representation Va° ®a° A T /m l A T gives an object of VJloU c f,.N(A T /m l A T ) via 
taking the corresponding Weil-Deligne representation. Passing to the limit gives a 
morphism of groupoids on i?-algebras — -> JDtoO^jv. 

Proposition 2.0.5. Suppose that the morphism A° — > Dy F is formally smooth. 
Then the morphism A T m — ► SJtoO^jv of groupoids on E-algebras is formally smooth. 

Proof. This is very similar to the proof of Proposition 3.3.1. of |Kis08] . Let B be 
an i?-algebra, / cBaii ideal with I 2 = and h : A^ — > B/I a map of i?-algebras. 
Let Db/i be the object of ?IRoX)^.m{B / 1) induced by h, and let Db be an object 
in 9Jlo9^,iv(-B) together with an isomorphism Db ®b B/I D B /i- We need to 
show that this is induced by a map A^ — > B lifting h. 

As in the second paragraph of the proof of Proposition 3.3.f . of Kis08 , we may 
assume that B is a Noetherian complete local i?'-algebra with residue field E' . 

Let rris be the maximal ideal of B. If i > 1 then Db <8>b B/m B is an object of 
TtoV^ v N(B/m B ). It is admissible, as it is a repeated extension of D b /i®b/i B /ms- 
Then one can associate to it a finite free B-module V B / m ^ of rank d, equipped with 

a continuous action of Gk, via the functor WD_ pst - Because V B / mB nas tv P e t j we 
see that V B / m i has type r for all i. 

The result then follows as in the final paragraph of the proof of Proposition 3.3.1. 
of [Kis08j . □ 

We are now ready to prove the main result of this section. Fix an F-basis for Vf, 
and denote by Dy r the groupoid on the category of complete local O^-algebras with 
residue field F, whose fibre over such a B is an object Vb of Dv ¥ (B) together with a 
lifting of the given basis for Vf to a S-basis for Vb ■ A morphism Vb — > Vb> in Dy r 
covering e : B — » B' is a S'-linear G^-equivariant isomorphism Vb ®b B' Vb' 
sending the given basis of Vb to that of Vb 1 ■ 

Denote by \Dy \ the functor which to B assigns the set of isomorphism classes 
of Dy (B), and similarly for |-CV r |. Then \Dy \ is representable by a complete local 
O^-algebra Ry . If Endp^] Vf = F. then \D Vp \ is representable by a complete 
local ©^-algebra R Vr . 

Theorem 2.0.6. Spec(i?^ r [l/p]) T is equi- dimensional of dimension d 2 and admits 
a formally smooth, dense open subscheme. If Endpfc^j Vf = F then the same is 
true of Spec(Ry r [l / p]) T , except that it is 1-dimensional. 

Proof. We give the proof for (Ry [l/p]) T , the argument for (Ry f [l/p]) T being very 
similar. Let A — (Ry[l / p]) T , and let Da denote the object of ^JIoD ( / >} n(A) corre- 
sponding to the universal representation over (i?^[l/p]) T . It follows from Propo- 
sitions 12.0.41 and 12.0.51 that there is a smooth dense open subscheme U of Spec A 
such that the support of H 2 (Da) does not meet U. 

To compute the dimension of A, it suffices to compute the dimension of the 
tangent spaces at closed points of U. Let a; be a closed point of U with residue 
field E', a finite extension of E, and write m for the corresponding maximal ideal of 
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A, V x for the Gk -representation given by specialising the universal representation 
over A, and D x for the corresponding object of SUto?)^, at (-£?')■ Then the dimension 
of the tangent space at m is, by the formula found in section 2.3.4. of |Kis07cj . 

dim^' Ext 1 (14, 14) + dim^ ad E ' V x - dim £ /(ad B - V x ) Gk . 
By Lemma [2.0.11 and the fact that H 2 {D X ) — (as x e U), we see that 
dims' Ext 1 (T4, V x ) = dims- H\D X ) 
= dim E , H°(D X ) 
= dim E ,(ad E ,V x f K . 
Thus the dimension of the tangent space is dim^^ads' V x ) — d 2 , as required. □ 

3. HlLBERT MODULAR FORMS 

3.1. Let p > 2 be a prime. Let F be a totally real field, S a finite set of places of 
F containing the places of F dividing p and the infinite places, and let S C S be 
the set of finite places in S. We suppose that if p = 5, [^(Cs) : F] 2. 

Let E/Qp be a finite extension with ring of integers O and residue field F, and 
let p : Gf,s - * GL(V) be a continuous representation on a 2-dimensional F- vector 
space V. Assume that 7>\g f{Ap) is absolutely irreducible, and that p is modular. In 
this section we use the improvements in [Kis05| of the work of Bockle and Khare- 
Wintenberger on presentations of global universal deformation rings, and we prove 
a result guaranteeing the existence of modular lifts of p with certain local properties. 

Fix a continuous character ip : Gf.s —> O x , so that the composite ip : Gf,s ^ 
O x — > F x is equal to detV^. We fix algebraic closures Q and Q ; for all primes I, 
and embeddings Q Q;. We regard F as a subfield of Q, and in a slight abuse of 
notation we will also write ij; for the characters Gf v — ► O x induced by the inclusions 
Gf v Gf,s- 

Let Rf,s denote the universal deformation O-algebra of V (which exists by our 
assumption that p\g f((p) (and thus p) is absolutely irreducible), and denote by 

Rp s the quotient corresponding to deformations of determinant ip. Let ad° V C 
EndF(V^) be the subspace of endomorphisms of V having trace zero. 

For each v € £ we fix a basis f3 v of V. Then the functor which assigns to 
a local Artin O-algebra A with residue field F the set of isomorphism classes of 
pairs (Va,Pv,a) with Va a deformation of V (considered as a G Ev -representation) 
of determinant ip, and /3 V a a basis of Va lifting f3 v , is representable by a com- 
plete local O-algebra R^>^. Let R^'g be the universal deformation O-algebra 
parameterising tuples (Va, {0 v ,a]v^i:) with Va a deformation of V considered as a 
Gjr s-representation, and (3 v ,a as above. Set i?^'^ = ®o,v^t,R^^ ■ Then we have 

Proposition 3.1.1. Let s = J2v\oo H °( G Fv * ad ° V )- Then f or 

some r > and 
fi, . . . , fr+s G ^s'^[[ a ' 1 ' ■ • ■ ' there exists an isomorphism 

R f's R v'^[l x i' ■ ■ -.aV+IEl-ill/Cfi) • ■ -Jr+s)- 

Proof. This follows at once from Proposition 4.1.5. of |Kis05j . because the assump- 
tion that p\g f(x ) is absolutely irreducible implies that H°(G Ei s, (ad° V)*(l)) = 
0. □ 
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We now consider more refined deformation conditions at the places specif- 
ically, we consider deformations of specific Galois type. Let e denote the p-adic 
cyclotomic character (which, with a slight abuse of notation, we will regard as a 
character of various local or global absolute Galois groups). For each u € E fix 
a Galois type t v ; that is, a representation t v : Ip v — > GL 2 (Q p ) with open kernel, 
that extends to a representation of Gp v . If v\p, we attach to any 2-dimensional 
potentially semi-stable (so, in particular, any potentially Barsotti-Tate) represen- 
tation p : Gf v — > GL2(Q p ) a 2 dimensional Q p -representation WD(p) of the Weil- 
Deligne group of F v (we attach this representation covariantly, as in Appendix B of 
CDT99]). We say that p is potentially Barsotti-Tate of type t v if it is potentially 
Barsotti-Tate, and WD(p)\j F is equivalent to r v . 

Suppose now that there is a finite order character \ '■ Gf.s — > O x such that 
ip = x e - Assume that for each u£S we have det t v = x|i>„ ■ 

Proposition 3.1.2. For each v dividing p, there exists a unique quotient R^'^ ,T " 
ofR^ such that: 

(1) R^'^' Tv is p-torsion free, reduced, and all its components are 4 + [F v : Q p ]- 
dimensional. 

(2) If E'/E is a finite extension, then a map x : R^'^ — ► E' factors through 
R~'^' Tv if and only if the corresponding E' -representation V x is potentially 
Barsotti- Tate of type t v . 

Proof. This follows at once from Theorem 3.3.8. of |Kis08j . □ 

Using the classification of irreducible components of i?^^' 1 "" for the case t v = 1 
(specifically, Corollary 2.5.16(2) of |Kis07cj ) one easily sees that each irreducible 
component of R^'^' Tv corresponds either only to potentially ordinary representa- 
tions or only to representations which are not potentially ordinary. Call these 
components ordinary, non-ordinary respectively. 

Proposition 3.1.3. For each v not dividing p, there exists a unique quotient 

R a,^,T V fRO^ such that . 

(1) R^'^' Tv is p-torsion free, reduced, and all its components are 4- dimensional. 

(2) If E'/E is a finite extension, then a map x : R^'^ — » E' factors through 
Ry'^' Tv if and only if the corresponding E' -representation V x is of type t v . 

Proof. This follows from Theorem 12.0.61 □ 

Note that the rings Ry'^' Tv could be zero; in applications, one must check that 
they are nonzero (e.g. by exhibiting an appropriate deformation). 

Assume now that each i?^'^' T " is nonzero, and for each v G £ let R v '^' T " denote 
a quotient of R^'^ ,Tv corresponding to some irreducible component, assumed stable 

under conjugation by the maximal ideal of R^^' Tv . Set i?^'^' T = ®o,ve^R^!'^' Tv , 
and R^'g' T = Rj?'s ^jp'* R^,'^'' T ■ Because p is irreducible, there is a corresponding 
quotient of R FS , which we denote R'p'a- 

Proposition 3.1.4. For some r > there is an isomorphism 

r{ f]s' T > Ry,'^' T {[ x 1i • • • j aJf+|E|-l]]/(/li • ■ ■ ) fr+[F:Q])- 

In addition, dimi?^'g' T > 4|E and dimR^g > 1. 
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Proof. Note that V is odd (because it is assumed modular) , so that the integer s in 
Proposition 13 . 1 . ll is J2 v \oo 1 = [F '■ Q]- From Propositions 13 . 1 .21 and l3~T73l we have 

dimi?°' V; < r = J2 dimiZ°'* T - (|£| - 1) 

= 4|E|+2[F :Q P ]-(|S|-1) 

v\p 

= 3|E| + [F:Q] + 1. 
Thus the dimension of Rp^'g ' T is at least 

dim R°'^ T + (r + |E| — 1) — (r + [F : Q]) = 4|E|. 
The morphism Rp'g — » Rp'g' T is formally smooth of relative dimension 4|E| — 1, so 
dimi^ = dim#°'!' r - (4|E| - 1) > 1. 

□ 

We now use an R = T theorem to show that Rp^ is finite over O of O-rank at 
least 1. This allows us to prove the existence of minimal liftings of specified type. 

Proposition 3.1.5. Assume that R^^' T ^ 0. Assume also that the following hy- 
pothesis is satisfied: 

(ord) Let Z be the set of places v dividing p such that R v ' ' is ordinary. Then 
~p = p~f for f a Hilbert modular form of parallel weight 2, with f potentially ordinary 
at all places in Z, and the corresponding automorphic representation nf not special 
at any place dividing p. 

Then Rp S is a finite O -module of rank at least 1. 

Proof. We note that it suffices to show that R% ,T S is a finite 0-algebra; if this 

holds, then if R% ,T S had rank as an O-module then it would have dimension 0, 
contradicting Proposition 13.1.41 

We may now (e.g. as in the proof of Theorem 3.5.5 of |Kis07cp choose a solvable 
extension F' /F so that: 

(1) The base change of 7T/ to F', denoted 7r/ , , is unramified or special at every 
finite place of F'. 

(2) The restriction of \ to Gf> is trivial. 

(3) If v' is a place of F' lying over a place v in E, then t v \i , is trivial. 

(4) ~p\g f i is trivial at all places v'\p of F'. 

(5) [F'iCp) : F'] = [F(C P ) : F], [F' : Q] is even, and p| Gp , (Cp , is absolutely 
irreducible. 

(6) ~Pg f i is unramified at all places. 

After possibly making a further base change and replacing the Hilbert modular 
form fpi corresponding to Wf , with a congruent form, the argument of Corollary 
3.1.6 of [Kis07cJ shows that we may assume that fpi is ordinary at precisely the 
places lying over places in Z. Let S' denote the set of places of F' lying over places 
in S, and E' denote the set of places of F' lying over places in E. Then as in 
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the proof of Theorem 4.2.8. of |Kis05j (or Lemma 3.6 of |KW08j ). R F ,s is a finite 
Rf>, s'-algebra. 

We now define a framed deformation ring which captures the base changes to 
F' of the deformations parameterised by Rp' s - Restriction gives a basis of 
V for each place v' 6 E'. For each place v' € E' of F' we let R^, denote the 
universal framed deformation ring for p\a F , ■ H l e * -^v' ' 1 be the quotient 
considered in [Kis07cj ; so if E' is a finite extension of E, then a map x : R^, — ► £' 
factors through i?^' ' 1 if and only if the corresponding Galois representation 14 is 
Barsotti-Tate with Hodge- Tate weights equal to 0, 1, and det V x is the cyclotomic 
character. 

It is shown in |Gee06aj that Spec R^, ,0,1 [l/p\ has precisely 2 components, one 
corresponding to ordinary representations, and one to non-ordinary representations. 

Let R v i 0,1 denote the quotient of i?^ 0,1 corresponding to the closure of the non- 
ordinary component if v does not lie over a place in Z, and to the closure of the 
ordinary component if v lies over a place in Z. If v' \p but v' £ E', then let R v , be 
the quotient of corresponding to unramified representations, unless there are 

representations factoring through R v : which are not potentially unramified, in 
which case let R v , be the quotient of B$ defined in corollary 2.6.6 of [Kis07cJ. In 
either case R v> is a domain. 

Let Rjp, a, denote the deformation ring which is universal for tuples (Va, {0v',a}v'e'£')i 
where Va is a deformation of the Gf> ^'-representation ~p\g f i s i with determinant 
ip, which is unramified at all places v' ^ E', together with a basis /3„' ; a of Va 
lifting p v > for all v' e E'. Let R^, := §o,«'es'-R°, R^' '■= ®0,v'ei;'R v >- Set 
R F r S i := Rpi S i ® R n R-^t, and let Rf',S' be the corresponding (unframed) defor- 
mation ring, so that R F , s , is formally smooth over Rf>,S' of relative dimension 
j:=4|E'|-l- 

Now, the proofs of Proposition 3.3.1 and Theorem 3.4.11 of [Kis07c| show that 
if we identify R F , s , with a power series ring Rp' t s'[[yi, ■ ■ ■ ,Vj]], then R^, s , is a 
finite C[[yi, . . . , ?/j]]-algebra, so that Rf',S' is a finite 0-algebra. Since Rf.s is a 
finite s'-algebra, we see that Rpg is a finite O-algebra, as required. □ 

Remark 3.1.6. We note that the hypothesis (ord) is automatically satisfied if F v — 
Q p for every v £ Z, by Corollary 3.1.6 of Kis 07cj and Lemma 2.14 of |Kis07aj . 

Corollary 3.1.7. With the assumptions of Provosition [3. 1 . 5\ there exists a modular 
lifting p of~p which is potentially Barsotti-Tate at all places v\p, which is unramified 
outside S, and which has type t v at all places v £ E. More precisely, given for each 
v G E a choice of component of i?^'^' 1 "" [l/p] satisfying (ord), we can choose p so 
that the corresponding point of R^'^'^ [l/p] lies on the given component. 



Proof. The existence of such a Galois representation follows at once from Proposi- 
tion EHHl and its modularity from the proof of Proposition [3TL5] (note that F'/F 
is solvable). □ 
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4. Serre weights 

4.1. In this section we use the results of section |3] to prove some of results used in 
|Gee06bj . and to discuss some related conjectures. We assume that p > 2. 

We begin by recalling some standard facts from the theory of quaternionic mod- 
ular forms; see either |Tay06b| , section 3 of |Kis07cj or section 2 of [Kis06] for more 
details, and in particular the proofs of the results claimed below. We will follow 
Kisin's approach closely. Let F be a totally real field (with no assumption on the 
ramification of p) and let D be a quaternion algebra with center F which is ramified 
at all infinite places of F and at a set E of finite places, which contains no places 
above p. Fix a maximal order Od of D and for each finite place v ^ E fix an iso- 
morphism (Od)v — M2{OfJ)- For any finite place v let tt v denote a uniformiser 
ofF v . 

Let U = JX„ U v C (D ®p A F ) X be a compact subgroup, with each U v C {Od)* ■ 
Furthermore, assume that U v — {Od)v f° r au v G E, and that U v — GL2(C_f 1 ,) if 
v\p. 

Take A a topological Z p -algebra. For each v\p, fix a continuous representation 
a v :U V — » Aut(W CT „) with W av a finite free A-module. Write W a — <& v \ v ,aW<t v and 
let a = ® v \ p (Jv We regard a as a representation of U in the obvious way (that is, 
we let U v act trivially if v\p). Fix also a character ip : (A F ) X /F x — > A x such that 
for any place v of F, a\ v na x is multiplication by ip . Then we can think of W a 

as a U(A F ) X -module by letting (A^) x act via i\)~ x . 
Let S a ^(U,A) denote the set of continuous functions 

/ :D X \(D® F A F ) X -+W a 

such that for all g G (D ®p &p) x we have 

f{gu) = aiu^fig) for all u G U, 

f(gz)=i>(z)f(g)ior & l\ze(A F ) x . 

We can write (D ®f a£,) x = \\iei D x tiU{A F ) x for some finite index set / and 
some U £ (D ®f A^) x . Then we have 

the isomorphism being given by the direct sum of the maps / i— > {f(U)}. From 
now on we make the following assumption: 

For all t G {D ® F A f F ) x the group (U{A f F ) x C\r 1 D x t)/F x = 1. 

One can always replace U by a subgroup (satisfying the above assumptions) for 
which this holds (c.f. section 3.1.1 of |Kis07b |). Under this assumption S a ^(U,A) 
is a finite projective A- module, and the functor W a i-» S a ^,(U, A) is exact in W a . 

We now define some Hecke algebras. Let S be a set of finite places containing 
E, the places dividing p, and the primes of F such that U v is not a maximal 
compact subgroup of D x . Let = A[T V , S v ] v gs be the commutative polynomial 

ring in the formal variables T v , S v . Consider the left action of (D ® F A f ) x on 
W^cr-valued functions on (D ®p A f ) x given by (gf)(z) = f(zg). Then we make 
Scr,i>(U,A) a Tg^-module by letting S v act via the double coset £/(^" ^ V )U and 
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T v via U{*q i)U. These are independent of the choices of tt v . We will write 
T a> ^(U, A) or T a ,^(U) for the image of Tgj in End S a ^(U, A). 

Let m be a maximal ideal of Tg 1 ^. We say that m is in the support of (a, ip) 
if S a ^(U,A) m ^ 0. Now let O be the ring of integers in Q with residue field 
F = F p , and suppose that A = O in the above discussion, and that a has open 
kernel. Consider a maximal ideal m C T™^ which is induced by a maximal ideal of 
T a ^{U, O). Then there is a semisimple Galois representation p m : Gf — » GL 2 (F) 
associated to m which is characterised up to equivalence by the property that if 
v ^ S and Frob„ is an arithmetic Frobenius at v, then the trace of p m (Frob„) is the 
image of T v in F. 

We are now in a position to define what it means for a representation to be 
modular of some weight. Let F v have ring of integers O v and residue field k v , and 
let a be an F p -representation of G := Yiv\p GL-2(fc„). We also denote by a the 
representation of JJ v ^ p GL 2 (0f„) induced by the surjections Of v -» k v . 

Definition 4.1.1. We say that an irreducible representation p : Gf — > GL 2 (F p ) is 
modular of weight a if for some D, a, S, U, ip, and m as above we have S a ^(U, F) m ^ 
and p m = p. 

4.2. It seems that the methods of [Gce06b do not in themselves suffice to com- 
pletely prove the conjectures of BDJ05 . We can, however, prove the conjecture 
completely in the case where p > 2 splits completely in F and p\a F(<p) is absolutely 
irreducible, and we do so in section 03] Before doing this, we wish to discuss some 
conjectures which extend those of [BP J05] . Firstly, we discuss what we regard 
as the natural generalisation of their conjectures to the case where p is no longer 
unramified in F. For the rest of this section, we allow p = 2. 

Let K/Qp be a finite extension with ring of integers Ok and residue field Izk, 
and let ~p K : Gk — * GL2(F p ) be a continuous representation. Let the absolute 
ramification degree of K be e. If p : Gk — * GL„(Q p ) is de Rham (in particular, 
if it is crystalline) and r : K <—* Q p we say that the Hodge- Tate weights of p 
with respect to r are the i for which gr~ l ((p ® Qp B dR ) GK ®Q p ® QpK ,i®T %) ¥= °- 
We define a set W(jj k ) of irreducible representations of GL^Uk) in the following 
fashion. Let a s g = <S> T . kK ^f det a ~ Sym^ -1 k K (g)-F p with 1 < hf < p. For each 
embedding r : fc^ F p , let : K ^ Q p , j = 1, . . . , e be the embeddings lifting 
t. Then W(~p K ) i s the set of a s t such that there is a continuous crystalline lift 
Pk '■ Gk — ► GL 2 (Q p ) of such that for all r the Hodge- Tate weights of p with 
respect to t j are a— and a— + br if j = 1 and and 1 otherwise. 

Let p be as above. Then we conjecture 

Conjecture 4.2.1. p is modular of weight a if and only if a = ® v \ p o~ v , with 
cr v € W(p\g Fv ) for all v\p. 

One could hope to make this conjecture more explicit by finding conditions on ~p K 
for such a lift pk to exist; this is a purely local question. One might also hope to use 
Corollarv l3.f ,7l to prove cases of Coniecture l4.2.1l for general totally real fields; we do 
not know whether this is possible, although we intend to investigate the possibility 
in future work. Note however that in general as the ramification of F increases 
we expect that the set of possible weights will also increase. The combinatorial 
arguments of [Gee06bj depend on being able to rule out many weights, because lifts 
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of the corresponding types do not exist, and these arguments will not work if more 
weights occur. 

We now wish to propose a more general conjecture that deals with "higher" 
weights. Namely, suppose that a = a- g as above, except that we now drop the 
assumption that b T < p, so that a is no longer necessarily irreducible. Exactly 
as above, let K/Q p be a finite extension with ring of integers Ok and residue 
field kx, and let ~p K : Gk — > GL2(F P ) be a continuous representation. Let the 
absolute ramification degree of K be e. We define a set W(J) K ) of representations 
of GL 2 (fcif) in the following fashion. Let a- g = ® 7 . kK ^f det a ~®Sym t>T ~ 1 k K ^r¥ P 
with 1 < Ihf < p. For each embedding r : kx F p , let : K Q p) j = 1, . . . , e 
be the embeddings lifting r. Then W(~p K ) is the set of o% g such that there is 
a continuous crystalline lift px ■ Gk GL2(Q p ) of pk such that for all r the 
Hodge- Tate weights of p with respect to t j are a— and a— + bj- if j = 1 and and 
1 otherwise. 

Let p be as above. Then we conjecture 

Conjecture 4.2.2. p is modular of weight a if and only if a = ® v \ p o~ v , with 

o-v e w(p\ Gf J. 

We remark that this conjecture is true provided that F — Q and 7>\g QKp) is 

absolutely irreducible, J>\g q ¥ (1) X x) ^ or an y cnarac ter x> an( i if 7>\gq nas scalar 
semisimplification then it is scalar. The necessity of the condition in the conjecture 
is clear; twisting, we may assume that a = Sym fe-2 Fp, k > 2. If p is modular of 
weight a then it lifts to a characteristic zero modular form of weight k and level 
prime to p, whose associated Galois representation is crystalline of Hodge- Tate 
weights 0, k — 1. The converse follows from the proof of the relevant cases of the 
Breuil-Mezard conjecture in |Kis06j . as one sees that if p|gq p has a crystalline lift 
of Hodge- Tate weights 0, k — 1 then p must be modular of weight a' for some 
irreducible subquotient a' of a, so that p must be modular of weight a. 

4.3. We now state a Serre-type conjecture on the possible weights of an n-dimensional 
mod p representation of Gq. For this section we allow p = 2. We anticipate that 
an entirely analogous statement should be true for any number field, but for sim- 
plicity of statement, and the lack of evidence in other cases, we restrict ourselves to 
the rationals. Such conjectures have also been made in |ADP02] and |Her06j . but 
the set of weights predicted in AD P02j is incomplete (although one should note 
that it is never claimed to be a complete list), and Her06] only considers tame 
representations . 
Suppose that 

p:G Q ^GL„(F p ) 

is continuous, odd, and irreducible. Here "odd" means either that p = 2, or that 
|n+ — n_| < 1, where n+ (respectively n_) is the number of eigenvalues equal to 1 
(respectively —1) of the image of a complex conjugation in Gq. It is conjectured 
that any such representation should arise from a Hecke eigenclass in some cohomol- 
ogy group. We now make this precise, following |Her06j (although note that our 
conventions differ from the ones used there). 

For any positive integer N with (N,p) — 1, we define Si(N) to be the matrices 
in GL^(Z(jv)) whose first row is congruent to (1,0, ... , 0) mod AT, and let Ti(N) to 
be the matrices in SL n (Z) whose first row is congruent to (1,0, ... , 0) mod N. We 
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obtain a Hecke algebra Hi(N) in the usual fashion: Hi(N) consists of right ri(7V)- 
invariant elements in the free abelian group of right cosets Ti(iV)s, s £ Si(N). 
Thus any double coset 

r x (iv)sri(iv) = JJri(jv)«< 

i 

(a finite union) is an element of TL\{N) in the obvious way, and we denote it 
[r 1 (iV)sr 1 (A r )]. If M is a right Si (iV)-module then the group cohomology modules 
H'(Ti(N), M) have a natural linear action of TCi(N), determined by 

[r 1 (iV) S r 1 (iV)]m = ^ Sl m 

i 

for all s £ Si(N), m £ H°(Tx(N), M). 

For any prime I \ N and < k < n we define a Hecke operator 











Tim — 


Y X {N) 


i 


Tt{N) 











(where there are k Vs on the diagonal). Now let M be a right F p [S'i(A f )]-modulc, 
and let a £ H°(Ti(N), M) be a common eigenvector of the T^k for all I \ Np, 

< k < n. We say that p is attached to a if for all Z \ Np we have p unramified at 

1 and 

n 

det(l-p(Frob/)X) = ^(-\) i r^' 2 a{l, %)X* 

i=0 

where a(l,i) is the eigenvalue of T^j acting on a, and Frob; is an arithmetic Frobe- 
nius at I. 

Let F be a simple F p [GL n (F p )]-module, and let Si(N) act on F via the natural 
projection Si(N) -» GL„(F,3). 

Definition 4.3.1. We say that F is a weight for p, or p has weight F, if there 
exists an N coprime to p and a non-zero Hecke eigenvector a £ H e (Ti(N), F) (for 
some e) such that p is attached to a. 

We now give a conjectural description of the set of weights for p. Recall that 
the simple F p [GL„(F p )]-modules are the F(a\, . . . ,a n ), where < a\ — (12,02 — 
03, . . . , a„_i — a n < p — 1, and F(a±, . . . , a„) is the socle of the dual Weyl module 
for GL„(F p ) of highest weight (on, ... , a n ) (see |Her06j ). We have F{a±, . . . , a„) = 
F(a' l5 . . . ,a' n ) if and only if (ai, . . . ,a„) - (a' l7 . . . , a' n ) £ (p - 1, . . . ,p - 1)Z. 

Conjecture 4.3.2. F(a\, . . . , a„) is a weight for p if and only if~p\G Qp has a crys- 
talline lift with Hodge-Tate weights a± + (n — 1), a% + (n — 2), . . . , a n . 

Note that this is a well-defined conjecture, as if p is a crystalline lift of pIgq p 
with Hodge-Tate weights a\ + (n — 1), . . . , a n , then p <g> e fc is also a crystalline lift, 
with Hodge-Tate weights a\ + (n — 1) + (p — l)fc, . . . , a„ + (p — l)fc. 

This conjecture is the natural generalisation of Coniecture l4.2.1l to higher-dimensional 
representations. It is rather less explicit than the conjecture of [Her06j . but it has 
the advantage of applying to all p, rather than just the p which are tame at p, 
and it also applies to all weights, rather than just the regular weights. While it is 
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less explicit, one may well not need a more explicit formulation in applications, for 
example to modularity lifting theorems. 

It is natural to ask whether our conjecture agrees with that of 44cr06 in the cases 
where 7j|gq is tamely ramified. We do not know if this is the case in general; one 
difficulty in checking this is that typically the conjectural crystalline representations 
are not in the Fontaine-Laffaillc range. However, one can in many cases show that 
we predict at least as many weights as [Her06] ■ To keep the notation reasonably 
clear, we restrict ourselves to a single example. 

Suppose that p > 5 and ~p\gq p = 1 © w 2 © w 4 . Then |Her06j predicts 9 weights 
for p, namely 

(ai,a 2 ,a 3 )= (2,1,0), (p-l,p-2,4), (p-3,3,2), 

(p- 1,3,0) (p+l,p-2,2), (2p-4,p,4), 
(p + 2,p-2,l) (2p-3,p,3), (2p-l,p + 2,p-2) 

(see Proposition 7.3 and Lemma 7.4 of [Hcr06 , and note that these weights 
were also predicted by ADP02J). For each of these weights we will write down a 
crystalline lift of p\g® p with the appropriate Hodge- Tate weights. 

Note that e.g. from Theorem 3.2.1 of [Ber08j there is a 2-dimensional crystalline 
representation V of Gq p with Hodge- Tate weights 0, p + 3 and V = w © w 3 , and a 
crystalline representation W with Hodge- Tate weights 0, 2p — 4 and W — ui~ 3 © u> 
(in the notation of |Ber08j . take V — V p+i}P / 3 and W — V2 P -3- v /i)- Then the 

(2,1,0) e 4 ©e 2 ffil 
(p-l,p-2,4) e p+1 ©e^ 1 © e 4 

(p-3,3,2) ef- 1 ffie 4 ffie 2 
(p- 1,3,0) e P +1 ©e 4 ®l 
appropriate lifts are as follows: (p + l,p — 2, 2) e p+3 © e p ~ 4 e 2 

(2p-4,p,4) e 2j, ~ 2 © e p+1 © e 4 

(p + 2,p-2,l) eV^eP- 1 
(2p-3,p,3) e 3 VFffieP +1 
(2p- l,p+2,p-2) e p - 2 y©e p+3 

These lifts are all reducible; it seems likely that one can always produce appropriate 

reducible lifts whenever the 3-dimensional representation 7j|g Qp is tame of niveau 
1, but it will not be possible in general, of course. 

Finally, we remark that it may be possible to make a conjecture for "higher 
weights" , as we did for GL2 (see Conjecture 14. 2 . 1[) . We do not do this for the 
simple reason that we have no evidence for such a conjecture. In addition, one can 
make an analogous conjecture for unitary groups, which one might hope to prove 
via the techniques of [Gce06bJ and section of this paper. We hope to return to 
this in future work. 



4.4. From now on we suppose that p > 2 splits completely in F. 

We recall some group-theoretic results from section 3 of |CDT99| . Firstly, recall 
the irreducible finite-dimensional representations of GL,2(F p ) over Q p . Once one 
fixes an embedding F p 2 °-> M2(F p ), any such representation is equivalent to one in 
the following list: 

• For any character \ '■ Fp — ► Qp , the representation \ o det. 
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• For any x '■ F* ~ * Qp i the representation sp x = sp ®(x o det), where sp is 
the representation of GL2(F P ) on the space of functions P 1 (F P ) — » Q p with 
average value zero. 

• For any pair xi ^ Xi '■ Fp ~ * Q P : the representation 

AXi,X2j = Ind B(F y xi ®X2, 

where -B(F p ) is the Borcl subgroup of upper-triangular matrices in GL^Fp), 
and xi (g> X2 is the character 



a b 
d 



Xi{a)X2(d). 



• For any character x '■ F* 2 —* Q p with x 7^ X P : the cuspidal representation 
9(x), characterised by 

e(x)®sp-Ind° L2(Fp) x. 

p 2 

We now recall the reductions mod p of certain representations. Let a m .n be the 

irreducible Fp-representation det™ ® Sym™ F p , with < to < p — 1, < n < p — 1. 
Then we have: 

Lemma 4.4.1. Let L be a finite free O -module with an action of GL2(F p ) such 
that V = L ®o Q P is irreducible. Let~ denote the Teichmuller lift. 

(1) If V = x ° det with x( a ) — a "\ then L <S)o F = a m .o. 

(2) IfV = sp x tuii/i x( a ) = a m , then L ®o F = <7 TO)P _i. 

(3) I/y = /(xi)Xa) withxi{a) = a mi for distinct nii £ Z/(p— 1)Z, then L®o^ 
has two Jordan-Holder subquotients: a m2 .{ mi _ m2 j and cr OTl / TO2 _ TOl } where 
< {m} < p — 1 and {m} = m mod p — 1. 

(4) IfV = 6(x) iflitfi x(c) = w/iere 1 < i < p and j e Z/(p - 1)Z, 
i/ien L ®o F /ias iwo Jordan-Holder subquotients: cr 1+ j j_ 2 ^i-M p— l— »• 
5oi/i occur unless i = p ( when only the first occurs ), or i = 1 ( when only 
the second one occurs), and in either of these cases L ®q F = <7i + j. p _2 . 

Proof. This is Lemma 3.1.1 of [CDT99] . □ 

In the below, we will sometimes consider the above representations as represen- 
tations of GL2(Zp) via the natural projection map. 

We now show how one can gain information about the weights associated to a 
particular Galois representation by considering lifts to characteristic zero. The key 
is the following lemma. 

Lemma 4.4.2. Let ip : F x \(Ap) x — » O x be a continuous character, and write 
ip for the composite of ip with the projection O x — ► F x . Fix a representation a 
on a finite free O -module W a , and an irreducible representation a' on a finite free 
F-module W a > . Suppose that for each v\p we have a\jj nC , x = t[)~ 1 \ u nC) x and 

a '\u v nO% v = ^ \u v na* v 

Let m be a maximal ideal ofT™ 1 ^. 

Suppose that W a > occurs as a Y[ v \p U v -module subquotient of Ww '■— W a ® F. If 
m is in the support of (a' , ip), then m is in the support of (tr, ip). 
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Conversely, if m is in the support of (a, if>), then tn is in the support of (o~',i/j) 
for some irreducible Y[ V \ P U v -module subquotient W a ' of Ww- 

Proof. The first part is proved just as in Lemma 3.1.4 of |Kis07c| . and the second 
part follows from Proposition 1.2.3 of |AS86aj . □ 

We now need a very special case (the tame case) of the inertial local Langlands 
correspondence of Henniart (see the appendix to BM02 ). If xi X2 ■ F* —> C x , 
let r XltX2 be the inertial type Xi ©X2 (considered as a representation of /q via local 
class field theory). Then we let cr(r XliX2 ) be a representation on a finite 0-moclulc 
given by taking a lattice in I{xi,X2)- If X : - ► O x , we let t X:X = x © X> and 
CT ( T x,x) be X ° det. If x : F* 2 — * O y with x ^ X p \ let t x be the inertial type x © X p 
(considered as a representation of Iq p = Iq 2 via local class field theory). Then 
we let o~(t x ) be a representation on a finite O-module given by taking a lattice in 

e(x). 

The following result then follows from Lemma [3321 the Jacquet-Langlands cor- 
respondence, the compatibility of the local and global Langlands correspondences 
at places dividing p (see [Kis08 ), and standard properties of the local Langlands 
correspondence (see section 4 of |CDT99j ). 

Lemma 4.4.3. For each v\p fix a tame type t v (i.e. t v = T XltX2 or t x as above). 
Suppose that ~p is modular of weight a, and that a is a Y[ v \ p G\j2(O v ) -module sub- 
quotient of ® v \ p (j(t v ) <g>o¥p. Then]) lifts to a modular Galois representation which 
is potentially Barsotti-Tate of type t v for each v\p. 

Conversely, if ~p lifts to a modular Galois representation which is potentially 
Barsotti-Tate of type t v for each v\p, then ~p is modular of weight a for some 
<8> v \ p GL>2(O v ) -module subquotient a of ® v \ p a(r v ) ®o F p . 

We need a slight refinement of this result in some cases, to take account of 
Hecke eigenvalues at places v\p. Suppose firstly that A = F and a is irreducible. 
We can extend the action of GL 2 (0t,) on a to an action of GL 2 (F 1) ) n M 2 (0_f„); 

2 

in the case that a = Sym™ F p , we extend in the obvious fashion (for example by 
thinking of a as homogeneous polynomials of degree n), and in the general case 

2 

that a = det m Sym n F p we twist the above action by x™ ° det, where x is the 
character Q* — ► F* with x{p) — 1 and xlz x ec i ua l to reduction mod p. We denote 
this action by a. For each v\p we let GL2(F V ) n M2(Of v ) act on S a ^(U,A) via 
u (f)(g) '■— &( u )(f(9 u ))i so that for each g £ GL 2 (F V ) n M 2 {Of v ) there is a Hecke 
operator UgU acting on S a ^{U,A). Let V$™ A = T^[T v ,S v ] v \ p , and extend 
the action of Tg D A v to one of TJj" 1 ^ by letting T v , S v act via the Hecke operators 
corresponding to °) and ° ) respectively. Any maximal ideal m of Tsp,a 
induces a maximal ideal m' of Ts,a, and we let p m = p m /. 

We also need to consider the case that A = O and er = n« J | P cr «" where for 
some v\p we have a v = ct(t v ), t v = xi,v © X2,v We suppose in order to simply 
the discussion that xi,v = lj as above, the operators in the general case are easily 
defined vicL twisting. If X2,i> 

= 1 then o~(t v ) is trivial, and we can define T v in the 
usual fashion. Suppose now that X2,v ^ L Then a(r v ) = Ind^j! 1 ® Xz,v (the 

O-valued induction). The dual of a(r v ) is ct(t„)* = Ind s ^y ^ 1 ® X2.I1 an( I there 
is a natural GL2(F p )-equivariant pairing (, ) v : a(r v ) x ct(t v )* — > O. Let L a i Tv y be 
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the underlying 0-module of a(r v )*. Then we let x v £ .L CT ( T \* be the function in 
Ind^p^ p ' ) l<S>X2v supported on B(¥ p ) and sending the identity to 1 £ O. Note that 
this function is I^-invariant, where I\ is the mirabolic subgroup of GL 2 (Z p ). Then 
if / £ S a ,4,(U,0), we can consider the function f x : D X \(D ®_f A^) x — > O given 
by {f,x v ) v . The map / i— ► f x is an injective map from Scr,^(U,0) to the space 
of functions D X \(D ®p a£,) x — > <g) (g^^cr^ which are r^-invariant, where 
I 1 ! „ C {/„ is the mirabolic subgroup. This latter space has a natural action of a 
Hecke operator U v — Ti lV (J J) Ti^, which acts on the image of Scr^(U,0), and 
defines an action on S a ^{U, 0) m . 

We wish to compare the action to the action of T v or U v to the action of T v on 
Server" ,i/,(U,W) m where a' v is the socle of a v ® a F, and a" = Yl w ^ v o w ® F; we 
claim that the two actions are compatible. This is clear in the case \2,v = 1, so 
assume now that Xi,v ^ 1- Then for some 1 < r < p - 2 we have u(r v ) ®o F = 
Ind^^f^ 1 ® <5 r , where l®^ r ((SJ)) = d r . Then there is an exact sequence 

— » <t 0jJ . — > Ind^^y^ 1 (g> (5 r — > e>Y,p-l-r — * 0. 

Dually, we have a short exact sequence 

-> tr ,p_i-r -> Ind|^^ 1 ® 5~ r -> cr p -i- r , r -» 0. 

Now, the duality pairing induces a GL2(Z p )-equivariant pairing cro !r x cr p _x-r,r ~~ * 
F p . This pairing can be made completely explicit; see the proof of Lemma 3.1 of 
AS86b]. We can think of oo,r and o- p _i_ r . r being spaces of homogeneous polyno- 
mials of degree r in two variables X and Y in the usual way, and we the see (using 
the explicit formulae of [AS86b ) that for any symmetric polynomial F of degree r 
and any i £ Z p we have 

((P{)F,X r } = (F,X r ), 
((l° p )F,X r )=0. 

Now (again using the explicit formulae of [AS86b ) one can check that the image 
of x v in (jp-i—ryr is just X r . Taking an explicit set of coset representatives for U v , 
we see that if / £ S ao r ^,a".ip(U, F), then 

p-i 

(u v f(g),x r ) = C£f(g( p l)),x r ) 

= (E(si)/(9(n)),^> 

i=0 

= <E(s{)/(ff(s5)) + (S?)/(fl(5S)),-n 

= (T v f(g),X r ). 

It is easy to check that the map / i— > (/, X r ) is injective on S ao <r ® a " ,ip(U, F), so we 
obtain the claimed compatibility of U v and T v . 
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The final ingredient we need before we can deduce results on the conjectures 
of BDJ05 is a characterisation of when mod p representations have Barsotti-Tatc 
lifts of particular types. Such results are proved in [Sav05j , and we now recall them: 

Theorem 4.4.4. Suppose that~p : Gq p — > GL 2 (F p ). Then: 

(1) p has a potentially Barsotti-Tate lift of type u) % ®u>^ onlyif~p\i p = *■), 

* ) (with p pen ramifiee if i = j) or ( " 2 ° k ) where k = 1 + {j — 

* U UJ ' ' ^ cj 2 

i} + (p + The converse holds if~p is decomposable or has only scalar 
endomorphisms. 

(2) p has a potentially Barsotti-Tate lift of type cJ 2 m © u7 2 pm , (p + 1) \ m, 

only ifp\i p = (" 2 Q u J +m) ), (" 2 Q ^i+pm), ("* +J J+s), (where p is peu 

ramifiee ifi — 2) or *+j ) (where p is peu ramifiee if i = p—l). Here 

m = i + (p + , 1 < i < p> j S — 1)Z. T/ie converse holds ifp has 
only scalar endomorphisms. 

Proof. If p has only scalar endomorphisms, then this follows from Theorems 1.3 
and 1.4 of |Sav05j (apart from the case where the type is a twist of the trivial type, 
which is standard) . In the cases where p has non-trivial endomorphisms the proof 
is an easy consequence of the methods of [Sav05 ; in the "only if" direction, the 
results follows from Theorems 6.11 and 6.12 of |Sav05j . In the "if" direction, one 
may simply consider decomposable lifts. □ 

We now state the precise form of the conjecture for totally real fields in which p 
splits completely. Let p : Gq p — » GL 2 (F p ). 

Definition 4.4.5. We define a set of weights W(~p) as follows. Suppose that p is 
irreducible. Then er m-n e W(p) if and only if p\i p = (" 2 „(„+i) ) ® oo m . If p 

is reducible, a m ^ n € W(p) only if p\i p = ("q +1 |) ®w m . If this is the case then 
Om,n £ W((p) unless n = and p is tres ramifiee. 

If now p : Gf — > GL2(F p ) is modular, we define a set of weights W(~p) in the 
obvious fashion; that is, W(~p) consists of precisely the representations 

of GL 2 (Of/p) = n„| P GL 2 (F p ). Assume from now on that p\c F((p) is irreducible. 
We wish to prove that W(p) is precisely the set of weights for which p is modular, 
by using Theorem I4.4.4[ Lemma 14.4.11 Lemma 14.4.31 and corollary 13.1.71 Firstly, 
we will prove that if p is modular of some weight, then this weight is contained 
in W(ji). We do this by using Lemma [4.4.11 and Lemma [4.4.31 to show that if p is 
modular of some weight a, then p must have a potentially Barsotti-Tate lift of a 
particular type, and then using Theorem 14 . 4 . 41 to obtain conditions on ~p\c F ■ 

Once we have proved that any weight for p is contained in W(p), we will use 
Corollary 13.1.71 to prove the converse. In combination with theorem 14.4.41 we are 
able to produce modular lifts of some specified types, and then Lemma 14.4.11 gives 
a list of irreducible representations, at least one of which must be a weight for p. 
If only one of these weights is contained in W(~p), then p must be modular of this 
weight. We cannot always find a unique weight in this fashion, but in the cases 
where we cannot we are able to make additional arguments to complete the proof. 
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We say that p\g Fv is modular of weight a if p is modular of some weight ® w \ p cr w , 
with a v — a . 

Lemma 4.4.6. If~p\a F is modular of weight a — cr. m .„ 7 then a G W(~p\g f )• 

Proof. By part (3) of Lemma l4.4.1| Lemma 14.4.31 and the remarks before Theorem 
14.4.41 p has a lift of type Cj m+n © £> m , so that by part (1) of Theorem T4. 4. 41 we have 



j + 

P\lr v *{ o ^ [ ^m+n J , Or ^ 2 Q ^ (n+1) J V U>" 

Furthermore if n = then pIgf„ is peu ramifiee. We are done unless p\i F = 
^m+n ) and n ^ 0, p — 1. However by part (4) of Lemma |4.4.1[ we see 
that -p\ GFv has a lift of type w ™&h-i)+«h-i-p Then by part (2) 

of Theorem I4.4.4) we see that if is reducible, then p|/ Ftj = (" m +™ +1 ) or 

("o w m +" +1 )' This contradiction gives the required result. □ 

We now take care of (most of) the converse. We will prove a slight refinement 
of the weight conjecture, where we additionally consider Hecke operators at places 
dividing p. 

Definition 4.4.7. Let X be a set of places lying over p, and for each v G X let A„ 
be an element of F. We say that an irreducible representation ~p : Gf — * GL2(F p ) 
is modular of weight a with Hecke eigenvalues {X v }vgx if for some D, a, X , U , 
and ip as above there is a maximal ideal m of T§5 i f such that (T v — X v ) 6 m for all 
A G X, and we have S a ^{U, F) m ^ and ~p m = ~p. 

Lemma 4.4.8. Let the set of places of F dividing p be partitioned as Si ]j S^- For 

each v £ Si fix a tame type t v (i.e. t v = t Xi . X2 or t x as above). For each v G S% 
fix a tame type t v — uj mv © a)™" -1 . 

Suppose that ~p lifts to a modular Galois representation p which is potentially 
Barsotti-Tate of type t v for each v G S , and which for each v G S2 satisfies 



pV 



v ui m "nr(X v ) J ' 

where nr(X v ) is the unramified character taking an arithmetic Frobenius element to 
X v . Let o~s 2 — ®Dgs 2 ,J in„.p-2- Then for some Yives Gh2(O v ) -module subquotient 
o~Si of l 8>v£SiO~( T v) ®o F, p is modular of weight as 1 <8> os 2 and Hecke eigenvalues 

{Xv}v£S2 ■ 

Proof. This follows from Lemma 14.4.31 the above discussion on the compatibility 
of the T v and U v operators at places v\p, the compatibility of the local and global 
Langlands correspondences at places v\p, and Lemma l4.4.6l 

□ 

Proposition 4.4.9. Suppose that a^fi = Yiv\p a v S W(p), where a v — <7 mv! n v . 
Then ~p is modular of weight er^ - = Yivlp a v> w ^ ere °~' v — °~v unless o~ v — cr m ^ !P _i 
and o~ miJt a G W(]5\g f ), in which case o~' v = o~ mvj Q. Furthermore, if X is a set of 
places such that ~p\g Fv — (" r ( a ^" nr(i3°)iAj mv )' then ~p is modular of weight a'^ - 
and Hecke eigenvalues {a v } v tzx- 



AUTOMORPHIC LIFTS OF PRESCRIBED TYPES 



21 



Proof. We make use of Corollary 13.1.71 We choose a type t v for each place v\p 
such that ~P\gf v has a lift of type t v . If p\g f i s irreducible and a v ^ cr mv ,%>-l we 
choose t v = O(x), x( c ) — c n + 2 +(P +1 )(" l_1 ). If n v = p — 1 and p|j F is tres ramifiee, 
then we choose an arbitrary type t v such that p|g f „ has a lift of type t v . For all 
other places v\p we let t v = + m, » 2 m «. Finally, if w G X, we note that as in 
example (E4) of |Gee07j , there is a component of the local framed deformation ring 
Pl^'^' t v[\/p\ such that the corresponding Galois representations are all of the form 
(0 nr(at)2 m ) where a v is a lift of a v . 

The result then follows from Corollary 13. 1.71 (applied to the choice of component 
at places v G X specified above), Lemma T4.4.81 and Lemma \A. 4.61 □ 

We now use an argument suggested to us by Mark Kisin; note that although 
we are assuming throughout this section that p splits completely in F, Proposition 
14.4. Ill only requires that F v =Q P . 

Let G — GL 2 (Q P ), K = GL 2 (Z p ), and let Z be the centre of G. If a is any rep- 
resentation of KZ on a finite dimensional F- vector space V a , then we let c-Ind^- z a 
denote the compact induction of a, and Ind^- Z a the induction of a with no restric- 
tion on supports (note that this notation is not standard). It is easy to check that 
if er* denotes the dual of a then Ind^ z a* is dual to c-Ind^- z a. 

We recall some of the results on Hecke algebras proved in [BL94] . A KZ-bi- 
invariant function <fi : G — > Endp V a is one which satisfies 0(ft.ig/i 2 ) = o~(hi)(f>(g)a(h2) 
for all g G G, hi, h 2 G KZ. Any such function acts on c-\wd KZ o- as follows: if 
/ G c-Ind^- z a, then 

W)){g)= £ ^9y- 1 )f(y)= £ mfiv^a) 

KZyeKZ\G yKZeG/KZ 

(see Proposition 5 of [BL94J). Now give F 2 an action of KZ with K acting via the 
natural map GL 2 (Z P ) — > GL 2 (F P ), andp G Z acting trivially. Let r G [0,p— 1], and 
set a = Sym r F 2 . Let T be the endomorphism of c-Ind^ z a corresponding to the 
iiTZ-biinvariant function which is supported on KZ p -i KZ and which takes 

( J p -i ) to Sym r (go). By Proposition 8 of |BL94j . ¥[T] is the full endomorphism 

algebra of c-Ind^-^ °~- O ne obtains a dual action on Ind^-^ cr*. 

For any A G F, set n(r, A) = c- Indg z (cr)/(r - A) c-Ind| z (<r). From Theorem 
30 of [BL94] and Theorem 1.1 of [Bre03 we see that 7r(0, A) is irreducible unless 
A = ±1, when 7r(0, ±1) is a non-trivial extension of fi±i o det by o det®Sp, 
where [i±\ : Q p — > F x is the irreducible character sending p h ±1, and Sp is a 
certain irreducible representation. 

Lemma 4.4.10. There is a morphism of F[GL 2 (Q p )] -mo<iu/es 

9 : lnd% z 1 -» Indf z Sym^ 1 F 2 

whose kernel contains only functions which factor through the determinant. 

Proof. In Lemma 1.5.5 of [Kis06j there is a construction of a morphism of F[T][GL 2 (Q P )]- 
modules 

c-Indf 2 SymP- 1 F 2 -> c-Ind£ z 1 
which is nonzero modulo T — A for all A G F, and which induces an isomorphism 
modulo T — A for all A 7^ ±1. From the above result, we see that if A = ±1, then 
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we have an induced morphism n(p— 1, ±1) — > 7r(0, ±1) whose cokernel is /x±i odet. 
Taking duals gives the required morphism. □ 

We can now construct a form of weight a mjP —i from one of weight <7o,p—i- 

Lemma 4.4.11. If ~p is modular of weight a — ® w \ p o~ w and Hecke eigenvalues 
{&w}w£S f or some S not containing v, and a v — er m „.o, then ~p is also modular of 
weight a' — a mv ,p~i ®w^v o~ w and Hecke eigenvalues {a w } w es- 

Proof. By definition there is a maximal ideal m of T™ 1 ^ with (T w — a w ) G m for 
all w € S and some U such that S a ^(U, F) m ^ and p m ® F p = p. 
Suppose / G S a ^(U,¥). Then 

f:D*\(D® F A f F )* -* a 

is such that for all g € (D ®f A^) x we have 

f{gu) = cr(u)~ 1 f(g) for all u 6 U 

f(gz) = i/j(z)f(g) for all zG (A f F ) x . 

Consider a lift of / to a D x -invariant function / : (D <S>p A F ) X — > a. Let 
U = GL 2 (F V ) x Yl x - iv U x . Then by Frobenius reciprocity there is a canonical 
isomorphism 

Ma Pc/ ((L> ® F A^) x , cr) Map^((L» <g> F A F ) X , ®„,^(T W <g) Ind| z ct), 

so we see that the map # of Lemma 14.4.101 induces a map 

Ma P[/ (( J D® F A£) x ,cr) -> Ma P[/ (( J D® F A^) x ,cr')- 

Furthermore, since Frobenius reciprocity is functorial with respect to the first ar- 
gument, we easily see that this map is compatible with the action of the Hecke 
operators at all places other than v for which they are defined and the action of 
(A F ) X , and that it takes / to a Z? x -invariant function. Thus we have an induced 
map 

S a ,^(U,¥) m S a ,.^,(U,F) m . 

It remains to checked that the image of / under this map is nonzero. If instead / is 
in the kernel of the map, then because the kernel of 9 contains only functions which 
factor through the determinant, one sees that / is left SL2(F-u)-invariant. Because 
it is also left D x -invariant, strong approximation shows that is in fact invariant 
under the subgroup of (D ® F A F ) X of elements of reduced norm 1. Thus / factors 
through the quotient of (D <8> F A F ) x by the elements of reduced norm 1, and this 
implies that p m is reducible, a contradiction. □ 

Putting all this together, we have proved: 

Theorem 4.4.12. Suppose that F is a totally real field in which the prime p > 2 
splits completely. Suppose that ~p : Gf — ► GL2(F P ) is modular, and that p|g f(Cjj) 
is irreducible. Then ~p is modular of weight a if and only if a G W(p). Further- 
more, if a € W(jp) and X is a set of places such that for any v G X we have 
P~\g Fv — (™ r nr{0°)w mv )> then~p is modular of weight a and Hecke eigenval- 

ues {a v } v£X ■ 
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5. AUTOMORPHIC REPRESENTATIONS ON UNITARY GROUPS 

5.1. We now extend some of our results on the existence of automorphic liftings of 
prescribed types to the case of n-dimcnsional representations. Unfortunately, the 
results we obtain are rather weaker than those for Hilbcrt modular forms, for several 
reasons. Firstly, one can no longer expect to work directly with GL„, as the Taylor- 
Wiles method breaks down for GL„ if n > 2 (see the introduction to [CHT05]). One 
needs instead to work with representations satisfying some self-duality conditions; 
we choose, as in |CHT05j and Tay06a|, to work with representations into the 
disconnected group Gn, which we define below. Such Galois representations are 
associated to automorphic representations on unitary groups, for which the Taylor- 
Wiles method does work. 

We choose to follow the notation of |CHT05j and |Tay06a| for the most part, 
rather than that used in the rest of this paper. We apologise for this, but we hope 
that this should make it easier for the reader to follow the various references we make 
to |CHT05) and |Tay06a|. In particular, we work with Z-adic, as opposed to p-adic, 
representations. With this in mind, we can state the second major restriction on our 
results. In section [3] we were able (under a hypothesis on the existence of ordinary 
lifts) to choose the type of our lifting at any finite place, including those dividing 
the characteristic of the residual representation. In the n-dimensional case, we are 
limited to considering places not dividing I which split in the CM field used to define 
our unitary group, and even then we will have to avoid a finite set of places, due 
to restrictions on our knowledge of when Galois representations can be associated 
to automorphic forms on unitary groups. The reason we cannot change types at 
places dividing I is the absence of an appropriate R — T theorem. In [CHT05 
and |Tay06a| results are only obtained for representations which are crystalline 
over an unramified extension of Q; , whereas to consider non-trivial types at / one 
needs to be able to prove an R = T theorem for representations which only become 
crystalline over a ramified extension. To our knowledge, the only such theorems 
in the literature are those for weight two Hilbert modular forms in |Kis07c] and 
|Gee06aj , and the work of |Kis06j for modular forms over totally real fields in which 
p splits completely. However, the work of |Tay06a| reduces the task of proving 
such theorems to a purely local analysis of the irreducible components of certain 
deformation spaces, and we hope to return to this question in the future. Note 
that if we had such R = T theorems then the framework presented here would 
immediately allow us to prove a theorem allowing one to choose the type of an 
automorphic lift at places dividing I. 

We begin by recalling from section 1.1 of CHT05J the definition of the group Gn, 
and the relationship between representations valued in Gn and essentially self-dual 
representations valued in GL„. Let Gn be the group scheme over Z which is the 
semi-direct product of GL„ x GLi by the group {1, j}, which acts on GL„ x GLi 
via 

.7(5, /AT 1 = 

Let v : Q n — > GLi be the homomorphism sending (g, /z) 1— ► /J, and j 1— > —1, and let 
G n be the connected component of Q n . We let g n := LieGL„ C Lie Gn, and let ad 
denote the adjoint action of Gn on g n . Let g° be the trace zero subspace of g„. 
Let F/F + be an extension of number fields of degree 2, with F + totally real and 
F CM. Let c £ Gp+ be a complex conjugation. Then we have 
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Lemma 5.1.1. Suppose that k is a field, that x '■ G F + — > k x is a continuous 
homomorphism, and that 

p:G F ^ GL„(fc) 

is absolutely irreducible, continuous, and satisfies xp v = p c . Then there exists a 
continuous homomorphism 

r : G F + —> Q n (k) 

such that r\c F — p, (y o r)\c F — x\g f , an d r ( c ) ^ There is a bijection 

between Gh n (k)-conjugacy classes of such extensions of p and fc x /(fc x ) 2 , so that in 
particular if k is algebraically closed then r is unique up to GL n (k)-conjugacy. 

Proof. This is a special case of Lemma 1.1.4 of |CHT05j . □ 

We say that a cuspidal automorphic representation tt of GL n (A^ ) is RACSDC 
(regular, algebraic, conjugate self dual, cuspidal) if 

• 7T V S 7T C 

• 7TQO has the same infinitesimal character as some irreducible algebraic rep- 
resentation of ResjyQ GL„. 

We wish to define the weight of such a representation. Let a G ^«)Hom(_F,C) sa tisfy 

• Or,i > ■ • • > a Ttn 

for all r G Hom(i 7 ', C), where c again denotes complex conjugation. Let S a denote 
the irreducible algebraic representation of GL^ om ^ F ' C - ) which is the tensor product 
over r G Hom(F, C) of the irreducible representations of GL„ with highest weights 
a T . We say that an RACSDC representation tt of GL n (Ap) has weight a if ir^ has 
the same infinitesimal character as S„. 

Let S be a finite set of finite places of F, and for v G S let p v be an irreducible 
square integrable representation of GL n (i^). Say that tt, an RACSDC automorphic 
representation of GL n (A^), has type {p v }v£S if for each v G S, n v is an unramificd 
twist of py . 

If the set S is non-empty, then one can associate a Galois representation to n. 
More specifically, we have 

Proposition 5.1.2. Let i : Q z C. Suppose that tt, an RACSDC automorphic 
representation ofGL n (Ap), has type {p v }veS> with S nonempty. Then there is a 
continuous representation rt lL (ir) : Gf — > GL„(Q ; ) satisfying: 

(1) Ifv\l then 

nA*)\G F „=n{r l K v y(l- n y s 

with ri the local Langlands correspondence of [HTOlj . 

(2) n it (-7r) c = rj it (7r) v e ™, where e is the l-adic cyclotomic character. 

(3) If v\l then n )t (7r)|Gjr is potentially semi-stable, and if furthermore tt v is 
unramified then ri lt {ir)\GF is crystalline. 

Proof. See Proposition 3.2.1 of (CHT05] □ 

We can take n.i (tt) to be valued in GL„(0) with O the ring of integers of a finite 
extension of Q; ; reducing modulo the maximal ideal of O and semisimplifying gives 
a well defined semisimple representation 

n, t (7r) : G F -f GL n (Fi). 
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We say that a continuous semisimple representation r : Gf —* GL n (<Q ; ) is auto- 
morphic of weight a and type {p v }ves if it equals ri iL (jr) for some t : Q ; — > C, 
and some RACSDC automorphic form tt of weight a and type {/Oujues- We say 
that it is automorphic of weight a, type {p v } v& s and level prime to I if fur- 
thermore 7T; is unramified. We say that a continuous, semisimple representation 
f : Gf — * GL„(F;) is automorphic of weight a and type {/o^j^gs if it lifts to a 
representation r : Gf — > GL„(Q ; ) which is automorphic of weight a, type {/^lues, 
and level prime to I. 

From Lemma 15.1.11 and Proposition I5.1.2f 2) , we see that there is a unique ex- 
tension (up to GL„(Q;)-conjugation) of ri tL (n) to a homomorphism 

O) : G F+ - 

with forj t (7r) = e n_1 <^y F+ , and r[ t (tt) (c v ) ^ for any infinite place v of F + , 

where c v denotes complex conjugation at v. Here 5p/F+ is the unique nontrivial 
character of Gal(F/F + ), and /v 6 Z/2Z. Accordingly, from now on we will work 
with representations to Q n . 

We now define the deformation rings we work with, following |CHT05j . §1.2. 
Suppose from now on that F = F + E with E an imaginary quadratic field in which 
the prime I splits, and suppose that I > n and I is unramified in F + . Take K/Qi 
finite with #Hom(F+, K) = [F+ : Q]. Let O = O k , let A be the maximal ideal of 
0, k = O/X. Let Cq be the category of Artinian local O-algebras R for which the 
map O —> R induces an isomorphism on residue fields. Let Cq be the category of 
complete local O-algebras with residue field k. We will assume from now on that K 
is large enough that all representations that we wish to consider which are valued 
in finite extensions of K are in fact valued in K; this may be achieved by replacing 
K by a finite extension. 

Fix continuous homomorphisms 

r : G F + — > Gn{k) 

and 

X : G F+ -» O x 

with r _1 (GL„(fc) x GLi(fc)) = Gf and v or — (y mod A). Assume that t\g f is 
absolutely irreducible. If R is an object of Co then a lifting of r to R is a continuous 
homomorphism 

r:G F+ - £«CR) 

with r mod = f and vor = A deformation of r to i? is a ker(5 n (i?) — > 5n(^))- 
conjugacy class of liftings. 

We wish, as usual, to impose some local conditions on the deformations we 
consider. Let Si be the set of places of F + above I. Fix T a finite set of finite 
places of F + containing Si and all places at which r is ramified, and assume that 
all places in T split in F. We choose a set T of places of F above the places in T 
so that we may write the places of F above places in T as TJJ cT. If X C T, write 
X for the set of places in T above places of X. We will sometimes identify F+ and 
F B . 

Write G f +,t = Gal(F(T)/F + ) where F(T) is the maximal extension of F un- 
ramified outside T. From now on, we consider r, x as Gir+ ^-representations, and 
all our global deformations are to Gp+ ^-representations. By Proposition 1.2.9 of 
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CHTQ5] that there is a universal deformation r™ TO of r over an object R^ obal of 
Co- Note that since r\a F is absolutely irreducible, H°(Gp+T, ad r) = 0. 
Write 

T = 5 'II r II 5 ° 

We demand that Sq is non-empty, and that for each place v G Sq there is a divisor 
m v \n and a continuous representation 

h-G F ,^GL n/mv (0) 

such that f{j ® fc is absolutely irreducible and every irreducible subquotient of ® 
fc)!^ is absolutely irreducible, and rn(g>k ^ fy(gik(i) for i = 1, . . . , m^. Furthermore, 

there is a decreasing filtration Fil- of F|g p - and isomorphisms 

«;„ : (f s <g> fc)|/ F _ 

and 

Pc^|g Fs = (gr?r| GF J(e J ) 

for j = 1, . . . , m v — 1. The filtration Fil~ is actually unique, by Lemma 1.4.25 of 
CHT05 . We need to consider such places because of limitations of our knowledge 
of when we can associate Galois representations to automorphic forms on unitary 
groups. 

For each place v G T there is a universal lifting of r\a P over an object R l ° c 
of Co- We consider the following ker(GL„(i?~ oc ) — ► GL n (fc))-invariant quotients of 

H v ■ 

(1) If v G Si then Ry is the maximal quotient of Ry° c such that for every 
Artinian quotient A of Ry the pushforward of the universal lifting of t\q f „ 
to A is in the essential image of the Fontaine-Laffaille functor Gy of §1.4.1 
of |GHT05j . 

(2) If v G So then Ry is the maximal quotient of i?~ oc over which there is a 
filtration FiF of the ^[G^J -module R" such that for j = 0, . . . , m v — 1, 

• gr j R% (gr° R%)(e j ) as R V [G F , ]-modules, and 

• gr° R~ = f{j <g>o i? 5 as i?^[/_F i ]-modules. 

(3) If u G y then choose an inertial type Ty of Zp^ (as in and let Ry be the 
maximal quotient of i?~ oc over which the universal lift of r|<j F _ is of type 

Say that a lifting is of type r if for each d G T it factors through the ring Ry 
constructed above. Then there is a universal deformation r^ mv of r of type r over 
an object K% niv of C a ■ 

We also need to consider framed liftings. A framed lifting of r of type T over an 
object A of Co is a lifting r together with liftings r v of r|c F _ and an isomorphism 
(Xy : r v — > ^|gf~ reducing to the identity modulo ra^ for each u G T. A framed 
lifting of type r is a framed lifting of type T for which each r v factors through 
the ring Ry. A framed deformation is a ker(GL„(A) — > GL„(fc))-conjugacy class 
of framed liftings. There is a universal framed deformation of f of type T over an 
object i2y of Co, and a universal framed deformation of r of type r over an object 

As in §1.5 of |CHT05j . we say that a subgroup H C Q n (k) is big if: 
• H fl has no Z-power order quotients. 

. ff°(jr, fln (fc)) = (0), 
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. H 1 (H, Qn (k)) = (Q), 

• For all irreducible fc[if]-submodules W of g° (fc) we can find h E H PiG®(k) 
and a € k satisfying the following properties. The a-generalised eigenspace 
Vh.a of h on k n is one-dimensional. Let 7T; l Q , : fc" — > Vh, a be the /i- 
equivariant projection of fc" to Vft jQ , and let ih.a : Vh.a c — > fc" be the 
/i-equivariant injection of Vh, a into fc". Then Tih.a ° W o ^ (0). 

We say that a subgroup i? C GL„(fc) is big if: 

• H has no /-power order quotients. 
. H°(H, & ° n (k)) = (0), 

. ff 1 ( J ff, fl °(fc)) = (0), 

• For all irreducible fc[iJ]-submodules W of g n (k) we can find h E H and 
a £ fc satisfying the following properties. The a-generalised eigenspace Vh, a 
of /i on fc" is one-dimensional. Let 7r^ jQ : fc" — > V/j iQ be the /i-equivariant 
projection of fc" to Vh.a, and let i^ jQ : Vh.a ^ fc™ be the /i-equivariant 
injection of Vh.a into fc". Then 7rzj jQ 0W0 i h a ^ (0). 

An easy consequence of these definitions is thatifi? C Q n {k) surjects onto G n (k)/Gn(k) 
and H n £/°(fc) is big then if is big. 

We assume from now on that ^ ikciadr ' G *' does not contain F(Q), and that 
r(Gal(F/F+(0))) is big. 

We wish to obtain a lower bound on the dimension of R" mv . This is straight- 
forward, and is in fact done in [CHT05] . 

Lemma 5.1.3. dimi?™" 1 > 1 - § £t,|oo(i + x(c„)). In particular, if x (c v ) = -1 
/or u|oo, i/ien dimi^ nfo > 1. 

Proof. By Corollary 1.3.5 of [CHT05j . 

dimi?™™ > l + ^(dimi? {i -n 2 -l)-dim fc i7 (G F+iT ,adr(l))-n^(n+x(c t ,))/2. 

veT v \oo 

Now, by Theorem Lemma 1.4.28 of |CHT05j . and Corollary 1.4.3 of 

CHT05], we see that if v \ I then dimi?^ = 1 + n 2 , and if v\l then dimi?^ = 
l+n 2 + 2^[F s :Q,]. Thus 

5>imi? c - n 2 1) = : Q] 

= »£(n-l)/2. 

The assumuption that r(Gal(.F/F + (C{))) is big implies that H°(G F + tT , adr(l)) = 
0, and the result follows. □ 

In applications we will have x( c «) = — 1 f° r a H f|oo; this is in fact obtained in 
|Tay06a| as a consequence of the Taylor- Wiles method. 

We wish to use the R = T theorems proved in |Tay06a| to show that in certain 
circumstances (^p l ^ mv y ed j s finite over O. We now set up the notation from |Tay06a| 
that we require for the rest of this section. 

Suppose now that r\a F is automorphic of weight a and type {pc}^^, So ^ ®- 
To be precise, suppose that r\c F = n >t (7r), where ir is a RACSDC automorphic 
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representation of level prime to I, weight a, and type {pv}v<zs ' We suppose that 

Pv = SPmM) Where ^ = n((p' D ) V | • |(»/"*-l)(l-»*)/2). 

Suppose further that for all r G (Z n ) Hom ( F ' C ) we have either 
I — I — n > a r i > • • • > a T .„ > 

or 

Z — 1 — n > a CT .i > • • • > a CT „ > 0. 
As before we have v or = e n ~ 1 5 l pj F+ , where G Z/2Z, and 8p/p+ is the unique 
nontrivial character of Gal(F/F + ). Assume as above that all places in T are split 
in F. 

We now make a base change, as in the proof of Theorem 4.2 of |Tay06a . Enlarge 
Y if necessary, so that TUcT contains all the places at which ir is ramified. Because 
^kcrad r\ Gp ^ oeg com - am F{C,i), we can choose a finite place v\ of F + such that: 

• v\ ^ T, and v\ splits in F. 

• v\ is unramified over a rational prime p for which [F (£ p ) : i 7 *] > n. 

• «i does not split completely in F(Q). 

• adr(Frob„ 1 ) = 1. 

Now choose a totally real field L + /F + satisfying the following conditions: 

• i\[L+ : F+}. 

• L + 1 F + is Galois and solvable. 

• L = L + E is linearly disjoint from F k °' r '° F (Q) over F. 

• L/L + is everywhere unramified. 

• I is unramified in L + . 

• vi splits completely in L/F + . 

• All primes in 5*o split completely in L + /F + . 

• Let ttl denote the base change of tt to L. If to is a place of L lying over 
v e Y then {■k l , w ) Iw ^ ^ (0) and t v \i Lw is trivial (here Iw(w) is the 
Iwahori subgroup of GL n (OL, w ))- 

• If w is a place of L above Y then N«j = 1 mod / and Y\gl is trivial. 

Let Si(L + ) (respectively S {L + ) ) be the places of L + above V\ (respectively 
S'o). Let Si{L + ) denote the places of L + above I. Let Y(L + ) be the places of L + 
above elements of Y. Then let T(L+) = S'i(i + ) U S (L+) U Si{L+) U Y(L+), and 
choose a set T(L) consisting of a choice of a place of L above every place of T(L + ), 
in such a way that T(L) contains all places of L lying over places in T. 

Let oil £ (Z™) Hom ( L ' Qi ) be defined by a^^ = a T \ p , so that t\g l is automorphic 
of weight aL and type {p v \ F }v£S (L), where Sq(L) is the set of places of L above 
elements of S'o- 

We now consider certain deformations of t\g l+ . Note that (vdf) \g l+ = £n l ^ l L/L- 
with /i^ as above, and 8l/l+ the unique non-trivial character of Gal(L/L + ). A 
lifting of to an object R of Co will be a continuous homomorphism r : 

Gl+ — > Q n {R) with r mod = r and i/or = e"~ 1 (5^ L+ . For each u G T(L + ) 
there is a universal lifting of rlc^ over an object i?~ oc . We consider the following 
kcr(GL„(i4 oc ) -> GL„(fc))-invariant quotients i? 5 of i?^ oc . 

(1) If w G Si(L + ) then i?c is the maximal quotient of i?~ oc such that for every 
Artinian quotient of Ry the pushforward of the universal lifting of T\g f to 
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A is in the essential image of the Fontaine-Laffaille functor of §1.4.1 of 
[CHT05] . 

(2) If v G Sq(L + ) then Ry is the maximal quotient of i?~ oc over which there is 
a filtration FiP of the i2g[Gj? s ] -module K~ such that for j = 0, . . . , m v ~ 1, 

• ET j R% = (gr°R%)(e j ) as i^[G Fs ]-modules, and 

• gr° i?~ = r v ®o Rv as i?s[/_F i ]-modules. 

(3) If v G Y(L + ) then let i?^ be the maximal quotient of R l ~ oc over which for 
all a G I the universal lift of t\q l evaluated at a has characteristic 
polynomial (X — 1)™. 

(4) If w G 5i(L+) then R v = R v oc . 

Say that a lifting of r\c L+ is of type S if it is unramified ouside T(L + ) and if at 
each v G T(L + ) it factors through the ring R v defined above. There is a universal 
deformation r^ mv of type S over an object R^ mv of Co- This notation is the same as 
that in the proof of Theorem 3.1 of |Tay06a| , except that we are working over L/L + 
instead of F/F + . We hope that this should make it straightforward for the reader 
to follow our references to |Tay06a| . We do not recall any of the constructions of 
Hecke algebras and spaces of automorphic forms in loc. cit., as we will only need 
some simple formal consequences of these constructions. 

Theorem 5.1.4. With the above assumptions, (^Ji^ mv y ed j s a finite O-module of 
rank at least 1. 

Proof. By Theorem 3.1 of |Tay06a| , /i^ = n mod 2, so that Corollary 15.1.31 shows 
that dim{R^ mv ) red = diuiR^ niv > 1. As in the proof of Proposition[3T5l it suffices 
to show that {Rynivyed ig a finite 0_ a i ge bra. We claim that (R^) red i s a finite 
(Rg mv ) red -modn\e; this follows just as in Theorem 4.2.8 of |Kis05j and Lemma 
3.6 of |KW08j . using Lemma 1.1.12 of [CHT05j . Thus we need only check that 
( R univyed ig finite Qver q By T h e0 rem 3.1 of |Tay06a| we have (R£ nm yed T] 
where T is a certain Hecke algebra, which is finite over O by construction. The 
result follows. □ 

From this, together with Theorem 3.1 of |Tay06a| , one immediately obtains the 
following result, where for the convenience of the reader we have incorporated all 
the assumptions made into the statement of the theorem. 

Theorem 5.1.5. Let F = F + E be a CM field, where F + is totally real and E is 
imaginary quadratic. Let n > 1 and let I > n be a prime which is unramified in F + 
and split in E. Suppose that 

p:G F ^ GL„(F ; ) 

is an irreducible representation which is unramified at all places of F lying above 
primes which do not split in E, and which satisfies the following properties. 

(1) There is a nonempty set Sq of finite places of F + which split in F, and a 
decomposition of the set of places of F dividing places in Sq as Sq ]j cSo 
such that J> is automorphic of weight a and type {pv}y e § > w ^ lere we assume 
that for all r G (Z") Hom ( F < c ) we have either 

I — 1 — n > a r i > • • • > a T .„ > 

or 

I — 1 — n > a CT ,l ^ ' ' ' ^ a CT, n ^ 0. 
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Note than in particular these conditions imply that p c = p v e ™. 

(2) Ifv e S , thenwntepv = S Pm ^(^) 7 andletr* = ri ((p>„)V\.\(n/m*-i)(i-m«)/2y 
Assume that rj, has irreducible reduction r v , and that 7$ ^ ry(j) for j = 

0, • • • , m v - 1. 

(3) F ° ra P does not contain F(Q). 

(4) p(Gal(F/F+(0))) 6*5- 

Let y &e a finite set of finite places of F + which split in F, with Y n So = 0, and 
y not containing any places dividing I. For each v <E Y , choose an inertial type t v 
and a place v of F above v. Assume that p\g f ~ has a ^ft t° characteristic zero of 
type t v . 

Then there is an automorphic representation ir on Gh n (Ap) of weight a, type 
{Pv}y e § ' an, d l eve l prime to I such that 

(1) r,, t (7r)£*/5. 

(2) n, t (7r)|G F - has type t v for all v G Y . 

(3) 7r is unramified at all places of F at which ~p is unramified, except possibly 
for the places dividing So and the places lying over elements ofY. 



References 

[ADP02] Avner Ash, Darrin Doud, and David Pollack, Galois representations with conjectural 

connections to arithmetic cohomology, Duke Math. J. 112 (2002), no. 3, 521-579. 
[AS86a] Avner Ash and Glenn Stevens, Cohomology of arithmetic groups and congruences be- 
tween systems of Hecke eigenvalues, J. Reine Angew. Math. 365 (1986), 192—220. 

MR MR826158 (87i: 11069) 
[AS86b] , Modular forms in characteristic I and special values of their L-functions, Duke 

Math. J. 53 (1986), no. 3, 849-868. 
[BDJ05] Kevin Buzzard, Fred Diamond, and Frazer Jarvis, On Serre's conjecture for mod I 

Galois representations over totally real fields, in preparation, 2005. 
[Ber08] Laurent Berger, Representations modulaires de GL2(Qj>) et representations galoisiennes 

de dimension 2, Asterisque (to appear) (2008). 
[BL94] L. Barthel and R. Livne, Irreducible modular representations of GL2 of a local field, 

Duke Math. J. 75 (1994), no. 2, 261-292. 
[BM02] Christophe Breuil and Ariane Mczard, Multiplicites modulaires et representations de 

GL 2 (Z P ) et de Gal(Q p /Q p ) en I = p, Duke Math. J. 115 (2002), no. 2, 205-310, With 

an appendix by Guy Henniart. 
[Bre03] Christophe Breuil, Sur quelgues representations modulaires et p-adiques de GL2(Q P ). 

I, Compositio Math. 138 (2003), no. 2, 165-188. 
[CDT99] Brian Conrad, Fred Diamond, and Richard Taylor, Modularity of certain potentially 

Barsotti-Tate Galois representations, J. Amer. Math. Soc. 12 (1999), no. 2, 521—567. 
[CHT05] Laurent Clozel, Michael Harris, and Richard Taylor, Automorphy for some l-adic lifts 

of automorphic mod I Galois representations, preprint, 2005. 
[Fon94] Jean-Marc Fontaine, Representations l-adiques potentiellement semi-stables, Asterisque 

(1994), no. 223, 321-347, Pcriodcs p-adiques (Bures-sur-Yvettc, 1988). 
[Gcc06a] Toby Gee, A modularity lifting theorem for weight two Hilbert modular forms, Math. 

Res. Lett. 13 (2006), no. 5-6, 805-811. 
[Gee06b] , On the weights of mod p Hilbert modular forms, 2006. 

[Gcc07] , Companion forms over totally real fields. II, Duke Math. J. 136 (2007), no. 2, 

275-284. 

[Hcr06] Florian Herzig, The weight in a Serre-type conjecture for tame n-dimensional Galois 
representations, preprint, 2006. 

[HT01] Michael Harris and Richard Taylor, The geometry and cohomology of some simple 
Shimura varieties, Annals of Mathematics Studies, vol. 151, Princeton University Press, 
Princeton, NJ, 2001, With an appendix by Vladimir G. Berkovich. 



AUTOMORPHIC LIFTS OF PRESCRIBED TYPES 



31 



[Kis05] Mark Kisin, Modularity of 2- dimensional Galois representations, Current Developments 

in Mathematics (2005), 191-230. 
[Kis06] , The Fontaine- Mazur conjecture for GL2, preprint, 2006. 

[Kis07a] , Modularity for some geometric Galois representations, L-functions and Galois 

representations, London Math. Soc. Lecture Note Ser., vol. 320, Cambridge Univ. Press, 
Cambridge, 2007, With an appendix by Ofcr Gabber, pp. 438-470. MR MR2392362 

[Kis07b] , Modularity of 2-adic Barsotti-Tate representations, preprint, 2007. 

[Kis07c] , Moduli of finite flat group schemes, and modularity, to appear in Annals of 

Mathematics (2007). 

[Kis08] , Potentially semi-stable deformation rings, J. Amcr. Math. Soc. 21 (2008), no. 2, 

513-546. MR MR2373358 
[KW08] Chandrashckhar Kharc and Jean-Pierre Wintenberger, On Serre's conjecture for 2- 

dimensional mod p representations of the absolute Galois group of the rationals, to 

appear in Annals of Mathematics (2008). 
[Sav05] David Savitt, On a conjecture of Conrad, Diamond, and Taylor, Duke Math. J. 128 

(2005) , no. 1, 141-197. 

[Tay06a] Richard Taylor, Automorphy for some l-adic lifts of automorphic mod I Galois repre- 
sentations. II, preprint, 2006. 
[Tay06b] , On the meromorphic continuation of degree two L-functions, Doc. Math. 

(2006) , no. Extra Vol., 729-779 (electronic). MR MR2290604 (2008c:11154) 
E-mail address: toby.geeOic.ac.uk 



Department of Mathematics, Imperial College London 



